
[Speaker Note] : Will use TT in place of MPS sometimes.

-ConstructingTensor Trains/MPS
· Given : Tensor A in D dimensions

, general frut . Source Paper :
-
-

TT-Cross Approximation
-Giant table (densel for multidimensional
- Sparse (mostly zerol Arrays, Oseledets's
- Black-box

,
on-demand access Tyrtyshnikov .I

· duce : MPS approximation T WI coves (T.. T2 . ... 4)D
· Recall : Successive SVD algorithm :
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whole tensor at step 1
.

·rub-exp .

runtime als wil guaranteed decomposition !W
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-S -S optimizeS 0-0 B- PA -a
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2) for i =1
...
D :

optimize core i-
for i =D ... 1 : -optimize objective core at

optimize core 2 a time
.

3) Repeat step 2 until convergence .

Two perspectives
-

-

Volume Maximization
-22 error minimization

Backbone of functional tensor
AvissHeuristic : - Simples Fasi Literativel Wtrain algorithms .-

-Few guarantees -
maximization - Difficult to beat (when A has sufficient structure(
perspective

Begin w/case : 2D tensor train = low-rank matrix approximation problem ·
r

Fipretend that I p
-P - it = ANE100 .
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· CUR decomposition (aka cross/skeleton decomposition) :
Iz

· Select I, E[N] rows of A
,
Iz = [N] columns ·

T Moore-Penrose=1
Want "most" Define C = Al :,I2] pseudo-inverse .

v = A[F ,=]:RA
lin

. indep .
Set of R = A [I,,:]

rows's cols .

· If A exactly rank-d , then select my lin. indep Subset of rows I. cols In ./

Eality holds
: A : CUTR

.
Motivation : Suppose singular values beyond R-

are small .
· NOT EXACTLY low-rank :

select Fi ,Iz to maximize Idet UI
.

Inition
:

Higher determinant > Higher diversity of sampled rows scols
I

⑧NP-HardSettle for a greedy algorithm :

-

-

Init : Random I , Iz .

Repeat : Greedily exchange
Idetul

increase#rows to

increase mare

#
·Greedily exchange cols

↓ Gready swaps
Repeat--

................

Idet Ul-
· Idetul increases monotonically,

Firation
masnotcomes? to globa

comege .

Other ways to do this :

LU w/ column-pivoting
IfA : Ridge leverage Scores
p .s .d Determinental Point Process Sampling .

]



· Infractice
: Use

position Nmenical stability
in case rank

orrestimated .

C = A (I,: ) , cate C = QT

Thun Ak+1 = A ( :, 5)

I1Q
AdaptWgeneral MPS

:

greedy volume maximization on themations of

-> Each set has cordinality R .

1) Start / radomite
.

Sweep
left to right , right to leta

- l- -

⑪2 Is Is "Frozen" index sets
->

sweep direction

= teRows (100mas wateHere
Restrict to a candidate set

of nested indices :

I II e -- - Sarce:
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I:

A/j -Ijars/greengage natix to updatea
-

1) Caveat : In practice , run masuol on the DR decomposition of the selected
-matini prevents the case where the really are over-estimated .



Iheover : Conver Coves C
,
22
. ... Cp from the index sets where

-

T[Ecj , Isj] consingular for F ja

ConstructNursing 2k = 2k X3 x

C
,

= C
,
A
,

Max evaluations of tensor : RI per core update , NIR per sweep .

Granteee to best fit TT ?X-Notice manstone all
converges ?X perturb

↳ But in practice , usually does awerge/
single

-"Fixed point" property.

sat of columnsnames
Pinion
a

Normveview : Alternating Least-squares Loss Monotonically - Decreasing
22 loss .

for i= 1 ... D -optimize cares to minimize A-Alle.......... ... --
for i = D-1 ... 1
-

11 ..

Progress

That linear least-squares problem looks like this :

I
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-
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Thu to solve the LSTSQ
~

there exist skatching algerite
problem to residual

accerzy S whp (1-5) in
poly - time

.

-
-

Proof-Apply a Johngm - Linderstrass Transform Matrix to

both sides .



[Note : MPS random projections Agenda
MPS - Cross's Data Plotsare useful to a bran

of

I
·rap:

SeminarRound2 +T-ALs' Modifications
to TT-ALS

·time : Volume maximization to construct TT-tensor . · Random projections for MPS

s new results .
-

Maxvol on each matricization of tensor T, use indices to construct
fensor . Start w/ random index sets from tensor and then refine .

~blem : Local minima
, only works for the low-error case .

Show graphs of TT-cross heuristic]

day : Linear least-squares approach /Adapting the tensor-train rank .
Frobenius Norm
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>
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treep right

Advantages : Monotonically decreasing objective · can beed to deal art
- * Parallel

, simple missingentries .-

Disadvantages: Too expensive wl out modifications Spot
-

· Needs tensor
* -> knowe

entries
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-
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"Less chance" O

of local minimum
.
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· TT - ALS : solve for this
=1 0 P

- -

R R
↓

R

-

I

E cost to solve this : O (IR2+IR4)↑

P-
- -- -P - Q - [by QR decomposition ofLIS , cost
I multiply by Q

,
backsolve ulI E N

I
-

I
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to
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.
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;
So

E



[Note : this alternating schem also used for

eigenvalue problems where both matrix's
vector have MPO/MPS form.DMRG algorithm]

Modifications !
--

gentries :
Solve for (T..... To] representation that minimizes loss

w.r.t
. Sparse subset of known entries

,

generalizes to the unknown entries
.representation

-

smatter
-Sefereachare inDue (A) R2) : systeme - -

R R
-

-
- PPO
-

I
forI neezeallbuto cone Siente

RxIx R

0
-P
-0

Reshape -> RI x RI

↓slit vis
SUD Compute SVD truncate at appropriate

--
threshold

.

-Per adaptively determined rank .
MProjections

min(1 *-All
:

ston
,

win /A * -AllX

D

min IAx-bII2 min
IISAz-SbIZ

ensive , too many rows !
In : Apply sketching/sampling matrix
to system ; [S has

for fewer

rows then columns] .

Choose so that IAE-bI1 = (1+2)millAze-b1

Howdo this? (Subject of active research ul well faden results)



· Turns out S can be (works wh high probability)
-

-

An i
.
i
.
d Gaussicmmatrix [but mm rains speedup]

- A sparse II random matrix / I nonzero per colon /or serial minews?-

-

An mis where every core has (normalized] i ..d Gaussion radou

entries

statistical A - A simatrix where each row selected w/ probability
leverage scores li = Ai : (ATA)

+

Ai!
--

* (subspace embedding , low distortion)

property
: Let A : USUT be SUD of A .

Want

[These Sketches have

-

k(SU) as small as possible ·

I
other es , e.5.

Intrition
:

vectors that are orthogonal in original
MPS-rounding] .

u

almost orthogonal in transformedspace-
space .

↓
"Embeds" colspace of A into a Smaller

subspace while preserving disces
between vectors

.

-

hallenge
: How to sketch when A is in tensor train format

,
i is

in general format [matricized tensor ? )

Output Of Sketch : Row count O (RYog( ... ) /[S) itbut is re2
-

-Eacts : Only O(Rog(s)) rows needed for TT

problem .

Results on Leverage Score Sampling

insewageSingaLeverage scores do not depend on

obs. matrix B C ! )

-

Expensive to compute leverage scores. For A leverageS

m) IN nows 5 Rcolumns ,
R R R R

7 - -OYes /P - qO (INRY) to compute scores .
-

P

-

T
-

II -
I

E

Nkesult : Carsple I row according to levrage score distribution of a TT
-

in canonical form in time OCNRLogI) , which is time required to form that row.



-complexity of ALS : 0 (NIPBn)

ok when R is small
,

↓
Sketching

space usage of dense

(wan+) iT grows quadratically in
Hides log rank R

.

factors

· promise : "See "whole tenson eventually ,
butmake progress

faster then iT-SV

(Foll-batch vs . Stochastic gradient descent)


